EFFECT OF RATE OF LOADING ON THE MODULUS OF DEFORMATION OF MATERIALS EXHIBITING VISCOELASTIC BEHAVIORS.
By Kenji Ishihara* Synopsis.
Physical interpretation is given based on the linear viscoelastic theory to the wellknown fact that the modulus of deformation of some materials is greater for the rapid application of load than for slow loading. The principle for this understanding leads to the determination of the viscoelastic constants in accordance with the time of loading employed in the test.
The constants thus determined are used to describe the creep or relaxation curve as a means of representing these physical characteristics. Constitutive equations between stress and strain at any specific time of loading are developed that can be applied to analyse the test result obtained at a constant rate of stressing or at a constant rate of straining. Since the rapid transient test can be performed at considerably small time of loading, it may be justified to replace the high frequency vibration test by the transient testing method.
The principle of choosing simplified model is suggested to make it easy to use it in the stress analysis problems. A comprehensive amount of the transient test data for concrete and soil having been reported. in many papers was brought together to analyse them by the use of the proposed method. The results of the analysis are presented in the form of creep curve.
Introduction.
In the past research works studying the stress-strain characteristics, it has been pointed out that the stress-strain curve for some materials obtained in the rapid application of load exhibits different feature from the one for the same materials obtained in the slow increment of load application. Stress-strain curve in the slow loading shows in general a deviation from linearity, the deformation tending to increase markedly prior to ultimate failure, as the load is increased. Contrary to this tendency, the stressstrain relation remains linear in the rapid loading up to such high level of load intensity where yielding would take place if the load is applied slowly.
The greater the rate of loading, the steeper the curve in the stress-strain diagram. This phenomenon shows the fact that the mechanical properties of the material depend appreciably upon the time of loading or the rate of loading. Not only the stress-strain relation but also the strength of the material is generally influenced by the time of loading. Generally speaking, the material resists greater for the rapid application of load than for slow application of load. These two effects, that is, the effect on the strength and that on the stress-strain characteristics, are cus tomarily called "time effect, rate effect or speed effect."
Actually, a great majority of tests have been worked out by application, on test specimens, of linearly increasing load or restraint to obtain knowledge as to the response characteristics of materials to dynamical application of load. However, no reasonable means of analytical treatment have been proposed to give better understanding for the rate effect which were given experimental evidence generally.
The cause to which the appearance of the rate effect can be ascribed is thought to be the presence of anelastic properties of materials. Among those theories which can illustrate the anelastic behaviors of materials, the one based on the viscoelastic point of view can be considered most promising and successful for our purpose. Thus, the viscoelastic theory developed extensively so far was adoped to illustrate the In determining the viscoelastic constants, the ways of attack undertaken in the past can be classified into two major groups according to testing principles. They are; (a) the measurement of the transient phenomena caused by the sudden application of a constant load or a constant deformation, (b) the measurement of the steady-state behavior under alternating load or deformation. The creep test and the relaxation test fall in the category of the former methods. The latter includes the methods called vibration test. Which method should be used for specification of viscoelastic properties of a material is a problem to be determined in accordance with the time of loading around which the existing structural material may be exerted by external load. In principle, creep or relaxation method is suitable for obtaining viscoelastic properties for times of loading or straining of more than a few seconds. The steady-state vibration method involves measurements with higher frequencies, corresponding to times of loading or straining smaller than a few seconds. The first method is suitable for the study of the processes with long times of loading or straining, whereas the second one for those with short times of loading. The two methods therefore complete themselves mutually. With the combined use of these two methods, complete information of the properties of a material can be obtained for wide range of time of loading covering every possible cases encountered in the engineering circumstances. From a survey of many of papers published so far, it is seen that the treatment has been restricted principally to these two methods of specification. .
In addition to these methods, the use of the transient testing principle is certainly a powerful means to map out a picture of the viscoelastic behavior which is available for relatively short times of loading or straining.
In what follows, an attempt will be made to relate the transient test result with the nature of viscoelaitic materials. As a result, the transient testing principle is justified that leads to development of a useful testing method which is applicable at the short time of loading. Establishment of the formulas throwing an physical insight into the phenomena of rate effect is not only meaningful in itself, but also contributes to the development of a new principle which enables the material properties at the short time of loading to be assessed quite easily.
I. GENERAL FORMULAS.
There have been proposed several ways of approach for formulation of linear viscoelastic law, although they are equivalent to each other in its background. Among them, the most useful approach is the one which dupricates material properties by a model consisting of some suitable combination of springs and dashpots.1) Other mathematical challenges were offered in rather elegant form for the phenomenological behaviors of materials2) 3) '4) 5) . Interrelation between these two approaches was also established through the concept of retardation or relaxation spectra. In the consideration which follows, deduction of necessary formulas will be made with recource to the model simulation method. As usual, every type of deformation will be formulated in terms of shear deformation, but analogous relations exist for bulk compression, simple tension, etc.
( 1 ) Generalized Voigt model. A Voigt element consists of a spring and a dashpot connected in parallel. This element expresses the simplest form of retarded elastic behavior. The strain associated with this element follows the differential equation, 
If the viscoelastic properties of a material are specified by this generalized Voigt model, it is quite easy to compute the extension response to any simple stress sequence, that is, the response of each Voigt element can be calculated separately and the individual contribution to the strain is added together.
A constant force imposed upon at time zero and left unchanged thereafter causes a typical strain response generally called "creep function". Integration of eqs. (2) (2) Generalized Maxwell model. The combination of a spring and a dashpot connected in series is known as Maxwell element. In Fig. 2 is shown the generalized Maxwell model consisting of a large number of Maxwell elements all linked in parallel. In this model, the strains associated with all elements are equal, but the total stress is divided among the elements. The stress component on the i-th Maxwell element is related to the common st- rain by the differential equation , 
Thus, we obtained a new function which may be termed "transient relaxation function with continuous spectrum". The stress-strain law as given by eq. (10) will be shown to play the key role in treating the transient test data which are obtained by the application of constant rate of deformation. We have deduced the stress-strain relations which are applicable to the various types of loading or straining. Here it has to be noticed that in the case of stress controlling test, the generalized Voigt model is well suited to specify material properties, whereas in the case of deformation controlling test, favorable use is made of the generalized Maxwell model. Either method contains an equivalent physical meanings and the transformation from the one specification to the other can be attained in principle. It seems to be interesting to overlook three types of stress-strain relations for the In the preceding section, new formulas of stress-strain relation which can be used successfully in the transient loading condition were proposed. Such kinds of materials that are subject to change, depending upon the time of loading, in the shape of stress-strain diagram can be represented analytically by the use of these formulas to specify their mechanical properties. Experimental work of transient testing is usually performed by imposing proportionally increasing load or strain on the test specimen and recording the resulting strain or stress, respectively. Conventional creep test can be made by reading the strain produced in the specimen under sustained load. Although the situation in the static tests is different from the one in the transient test, there must exist an unique physical interconnection between the results of test obtained from two methods on the same specimen.
The stress-strain relations of the forms (12-1) and (12-2), or (13-1) and (13-2) expressed in terms of the same viscoelastic constants for two types of loading can be considered to give the physical interrelation between these two types of loading condition. The same statement can be made also for the interrelations between constant loading, transient loading, and alternate loading conditions. We will however exclude herein the consideration for alternate loading condition, because it has been discussed exhaustively elsewhere.
Different types of stress-strain relation expressed in terms of the same viscoelastic constants suggest that it is possible to obtain these physical constants from either relation. The transient test results may be transformed into the static test results formally and vice versa. Since it seems convenient to represent material properties in the form of creep or relaxation curve, it poses problems of considerable interest to demonstrate the results of transient test in the form of creep or relaxation curve. The creep or relaxation curve constructed for short times of loading by the use of transient test results must be the extension, to the range of short times of loading, of the creep curve obtained in the static test.
Two creep or relaxation curves, one from static test and the other from transient test, may be joined together around the time of loading at which static and transient tests are distinguished.
In the discussion which follows, a detailed description of the method of depicting creep or relaxation curve from the results of transient test will be given. First, consideration will be restricted to the construction of a creep curve.
In the model representation of generalized Voigt type, all the fractions of strain responses are distributed over whole range of time scale with corresponding retardation time ranging from zero to infinity. Therefore, when attention is drawn to a certain small interval of time in question, there must exist predominant contributive fractions of strain response which plays primary role in characterizing the sharpe of creep curve at that time of loading. If the time of loading under consideration is shifted, the succeeding predominant part of retardation spectra comes to play a essential role. 
in eq. (16) it follows that;
The above equation is the one which is needed to represent the stress-strain curves obtained in the transient test. It is indeed possible to determine the viscoelastic constants in eq. (18) by fitting, in diagram, the relation (18) to the four stress-strain curves obtained from the transient test at four different times of loading. Let it be supposed that the four stress-strain curves obtained at the times of loading t1,t2,t3 and t4 are given as shownin Fig. 3 . When the rated to the simplified form as shown in Fig. 4 . Simplification of the complicated model is nothing but the proper choice of that Voigt element which contributes most sensitively to the formation of a stres-strain curve.
Comparison of the given curve (1) in Fig. 3 with that in Fig. 4 indicates that there is a close similarity in the shape of these two curves, except the portion where yielding seems to take place at the high level of stress intensity. Therefore, if attention is centered on the stage where no collapse takes place, the representation of the curve (1) by means of eq. (19) is successfully made by determining the viscoelastic constants appearing in eq. (19). It is seen in Fig. 4 
eq. (13-2) is simplified as follows,
By putting, it followes that,
The equation derived above can be considered to be the stress-strain relation in the case wh-ere the strain is applied at four different rate.
Let us suppose that a set of four stress-strain curve is given as shown in Fig. 9 
The characteristic plot of this curve may have the shape as presented in Fig. 12 . By Effect of rate of loading on the modulus of deformation of materials exhibiting viscoelastic behaviors.
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fitting the factual curve (2) to the theoretical curve in Fig. 12 , it is easy to obtain the quantities,
Lastly, the stress-strain curve obtained at the fastest time of straining t, is fitted to the curve in Fig. 13 which is characterized by,
From the above equation, the following values are evaluated, It is much cumbersome for practical utility to take into account a number of elements in (1) Method of choosing simple models from a given Creep curve.
The most preferable approximation can be made by the use of a three element model as shown in Fig. 16 or more rougly by a Maxwell model. In some range of time where the creep curve has particular simple shape, approximation is possible by the use of single spring.
In general, the plot on semi-logarithmic graph is adopted as shown in Fig.  15 (2) Method of choosing simple models from the given relaxation curve.
The method of choosing simple models from the given relaxation curve is much similar to the one followed in the case of creep curve.
The procedure is illustrated in Fig. 17 . For example, we consider to take out a three element model valid for the time interval ranging from 0.01 sec. to 0.1 sec. from the given relaxation curve shown in Fig. 15-2 . If the plot on the logarithmic time scale is transformed on the one in the arithmetic time scale so that the transformed plot may cover the relaxation curve within the time range 0.01<t<0.1 sec. the relaxation curve shown in Fig. 17 In the preceeding discussion, the principle of understanding transient stress-strain relation was illustrated based upon the linear viscoelastic theory in parallel with the method of its application. In fact, there have been conducted a great majority of transient tests on steel, concrete, soil, asphalt and so on, by many investigators. It was thought to be of great interest to consider these results in the light of the principle proposed above and to reproduce them in the form of creep curve or relaxation curve.
Here the consideration will be confined to the test results on concrete and soils. The consideration for other engineering materials may be made in the similar manner.
(1) Concrete.
One of the earliest investigation as to the rate effect on concrete was worked out by Abrams6). The succeeding comprehensive investigations on the dynamical properties of plane concrete were carried out by Evans7), Jones and Richart8), and Watstein9).
These investigators studied the dynamical properties of concrete as distinguished from the ones in the static condition.
The results of these tests all indicated the increases in the compressive strength and elastic constants with increase in the speed of loading or straining.
Quite resently, an extensive amount of transient tests was conducted by T. Hatano"), and Takeda and Tachikawal11) which aim at obtaining some information as to the effect of testing speed on the mechanical properties of concrete. The results are most suitably applied to the method stated above.
The procedure as exposed above was followed to evaluate the viscoelastic constants and the creep curves were drawn by the use of these constants. The creep curves obtained in this way are shown in Fig. 18 to 20. (2) Soil.
A considerable amount of investigations worked out by Casagrande and Shannon12) seems to be the first on record of this kind of investigation, including a variety of soils from plastic clay to sand. Valuable physical interpretation was given by Seed and Lundgren to the behavior of sands during the rapid loading.
A comprehensive study on the effect of time of loading was also made by Whitman14),15) .1" on many kinds of soils ranging from very soft clay to coarse sand. Quite recently, F. Kawakami" presented the results of transient tests on the compacted soils obtained at the successive stages of time of loading. From the survey of these investigations, it is felt that the accurate information concerning the mechanical properties of soils is considerably difficult to be made known in its detail and much remains to be done at the present phase of investigation.
Nevertheless, rough consistent conclusions deducable from the knowledge of the past studies indicate an increase in the deformation modulus as well as the compressive strength in the transient test over those in the slow test. Although many involved factors such as pore pressure, void ratio and so on lead to the difficultly to specify straightforwards the viscoelastic properties of soils, it is planned herein refers to the data from Casagrande and Shannon. 
